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Abstract: A major issue in predicting and
controlling (via design) absorption properties of
rigid porous media is the determination of the
frequency-dependent effective density and
compressibility tensors. Unlike previous research
efforts which employ in-house and, oftentimes,
multiple numerical procedures for determining
these two essential tensors, we formulate their
solution in terms of a set of micro-scale
governing equations (and associated boundary
conditions) resulting from a multi-scale
asymptotic analysis. The form of these equations
is ideally suited for incorporation into the finite
element  analysis  package, COMSOL"
Multiphysics.  Incorporating the equations
directly into COMSOL® allows for arbitrary
three-dimensional model generation, unit cell
meshing, and ultimate analysis using a single
software package. We demonstrate the validity
of this approach by comparing our numerical
results with those published in the literature —
specifically, we analyze porous media composed
of rigid, face centered cubic (FCC) packed
spheres.
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1. Introduction

Noise reduction is currently a major issue in
the automobile, aeronautical, and building
industries. One promising way to reduce noise is
through the design and optimization of porous
structures, which demonstrate favorable acoustic
absorption properties due to fluid losses
associated with large wetted areas. The important
measurement parameters characterizing and
predicting acoustic absorption performance of
these structures are their effective density and
compressibility tensors. For this reason, research
attention devoted to the theoretical formulation
of these two tensors has received considerable

attention in the past three decades'"'. Although
the formulations in the cited works are given in
an explicit analytical form, they can only be
evaluated in cases of very simple pore
geometries ~ assuming  isotropic = material
properties, such as flow in a uniform cylinder.
More recently, several numerical methods have
been suggested in the literature'*?', which offer
the possibility of extending the evaluation to
general geometries and materials using desktop-
based workstations. However, most of these
analysis techniques require the use of (multiple)
in-house codes and complicated numerical
procedures. Furthermore, many of the cited
numerical treatments are still not suitable for
both arbitrary pore geometry and materials.
Therefore, a need exists for a general
computational approach for predicting the
acoustic properties of periodic, porous materials
which, ideally, can be cast in a form suitable for
analysis using a commercial package, such as
COMSOL" Multiphysics.

In this paper, we present a multi-scale
numerical approach for determining the effective
density and compressibility tensors for periodic
porous media with arbitrary 3-D unit cells. To
the authors’ knowledge, the approach presented
is the first posed in a consistent and general
manner such that the resulting micro-scale
equations can be implemented in a single
commercial off-the-shelf (COTS) simulation
code.

We begin by reviewing a mathematical
procedure suitable for analyzing acoustic porous
medium: the multi-scale asymptotic method
(MAM)**!'"3 MAM enables one to determine
the macroscopic material description from
knowledge of the physics and geometry at the
microscopic level. We use this method to derive
a set of frequency-domain partial differential
equations, and boundary conditions, for coupled



dynamic and thermal response. COMSOL®
Multiphysics is then employed with periodic
boundary conditions on a unit fluid cell (UFC) to
determine  the  effective  density and
compressibility  tensors, which ultimately
determine the acoustic absorption properties of
the porous material. For a porous material
composed of FCC packed spheres, comparisons
of results generated in this study with those
found in the literature'"'® demonstrate very
good agreement.

2. Multi-Scale Asymptotic Method

In order to describe the linear acoustics
phenomenon created in rigid porous medium,
one has to solve the following set of harmonic
viscothermal governing equations and associated
boundary conditions for harmonic waves of

frequency ( 1 ):

e In the viscothermal fluid flow,
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e On the fluid-solid interface,
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Egs. (1-4) represent the equation of state,
momentum balance, mass balance, and energy
balance. P, , p, , and 7, denote the pressure,

density, and temperature of the air at rest, while
u, p, p, and r the fluid velocity, pressure
variation, density variation, and temperature
variation. In addition, the angular frequency,
shear and bulk viscosities, specific heat at
constant pressure, and heat conductivity are
denoted, respectively, by o (=2zf), u, 2, C,,

and K . As has been noted by several authors,
any problem of linear acoustics involving porous
medium can be dealt with using this formalism.
However, because the equations presented above
are based on interdependent macroscopic
variables, they cannot take into account
explicitly the micro-scale physics and geometry
of the porous media at the microscopic level.

MAM is a multi-scale approach based on an
asymptotic analysis of the governing equations
(1-4). Tt is used to further derive a set of well-
posed micro-scale equations necessary for
computing effective macro-scale variables, via
averaging. The asymptotic approach begins by
introducing two space variables: x for the
macro-variations and y=¢'x for the micro-
variations.  Here the small parameter
£=0(I/L)<<1 is a scale ratio of a characteristic

unit cell length / and frequency-dependent
wavelength L . As such, the small parameter
denotes a ratio of a micro-scale characteristic
length to a macro-scale characteristic length. The
solution variables sought and the differential
operators are next split into their macroscopic
and microscopic components via power series
involving &,
u=u’(x,y)+eu' (x,y)+ & (x,y)+
p=p”(x,y)+gp'(x,y)+gzp2(x,y)+--- (5)
r=7"(x,y)+er' (x,y)+° (x,p)+-

The gradient (V) and Laplacian ( A ) operators
take the forms,

V=V, +lvv and A=A, +2Aﬂ, +L2A‘, . (6)

& g & i

Moreover, because one can consider the
viscothermal effects to occur at the micro-scale,
it is necessary to rescale the viscosity and
conductivity coefficients appearing in the
momentum balance (2a) and energy equations
(3) by gz 11

picn=-Vp+&'[(A+pu)V(V-u)+uru] (7)

pyiaC,t =iop+&*[KA7] ®)

With this rescaling, MAM allows for orderly
solution of the seeking variables.

We start with the mass balance equation (2b),
combined with the state equation (1). Updated
using the expansions (5-6), a single multi-scaled
relationship results,

ia)[(po +ep'+) (0 +er! +)1
9)
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Separating scales, the corresponding equation at
the highest order &' implies that the fluid
velocity can be considered as locally

incompressible,
V,-u’=0, (10)



while at order &°,
0 0
iw[p—r}z—vx-uo. (11)

A similar procedure carried-out on the
momentum balance equation (7) yields:

poia)(uo +eu' +---)=—(VX +év})(p° +ep' +)

2 1
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Separating orders, order &' vyields the
relationship,

V),p0=0:>p°(x,y)=p0(x) (13)
which implies that the macro-scale pressure is
constant at the micro-scale. At order &°,

pyion’ ==V p' =V p’+ pA u’ . (14)
For the energy equation (8), the procedure results
in the multi-scale equation,
poia)Cp(rO +er' + ) = ia)(po +ep' +)
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& &
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The highest order identified is ¢° and thus a
single relationship is obtained (macro-scale),
pyiaC, 7" =iop” + KA 7" . (16)
Following the methodology introduced by
Lafarge et al'’, we assume, at a given frequency,
the appropriate solution forms of the macro-scale
velocity (u’) and micro-scale pressure ( p')

distributions as linear relationships with V _p°,
while the macro-scale temperature ( z° )
distribution as linearly-related to iwp® , as
follows:

uo(x,y) = —k’(i’w) pro (x), j=123
pl(x,y):a(y,a))~VXp°(x)+[71(x) (17)
and
7’ (x,y) = @ia)po(x) (18)

Note that k; and k" denote the dynamic viscous
and thermal permeability, and also note that the
pressure ( p') can be expressed in terms of its
deviatoric part ( p') and zero mean value (@) on
the UFC. Substituting (17-18) into (10), (14),

and (16) yields the following decoupled set of
partial  differential equations suitable for
incorporation into COMSOL" Multiphysics:

e Momentum equation with no-slip boundaries
ia)&kj ‘e—Va-e-Ak, -e=e
)7
V-k;-e=0 in Q, (19)
k;=0 onI', k;, &a: Q-periodic
where e denotes any of three unit vectors
directed along a global coordinate system.
e Energy equation with isothermal boundaries
P Pr

iwpk' —Ak'=-1in Q, (20)

kK'=0 on T, k' : Q- periodic ,
where Pr=uC, /K denotes the Prandtl
number.
Here @, Q, and T represent the UFC volume,
the fluid-filled pore volume, and the fluid-solid
interface, respectively. Taking the volume
average of Egs. (11), (17) and (18) over the UFC
and using the relationship between the effective
(7., ) and dynamic ( 8) compressibilities,

B(@). 1 0 i B(@)

——iw(p’)=-V,_ -(u’),with y , =——2 (21)
7P, < > < > 7 7P,

,which is defined by Lafarge’, yields two

macroscopic equations as follows:
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with y as the specific heat ratio, (o) = o I L0,
Q/» ~ o !
¢:H , k, :¢<kj> , and k =¢<k> . Here, Pesr

and g, are identified as the effective density

and compressibility tensors, which ultimately
dictate the medium's acoustic absorption
behavior.

3. Numerical
COMSOL

Implementation  in



To assess the validity of the described MAM
process and numerical implementation, we
calculated effective tensors for the FCC
geometry' ™' depicted in Fig. 1 subject to mirror
symmetry (y- and z-directions) and translational
periodicity (x-direction) boundary conditions.
This figure depicts an irreducible unit cell
consisting of a fluid-filled interstitial space
between FCC packed spheres.

Figure 1 (a) original FCC structure (b) corresponding
meshed FCC UFC in COMSOL multiphysics.

Using COMSOL" Multiphysics, the numerical
solutions of the dynamic viscous and heat
equations are calculated from Eqgs. (19) and (20).
Table 1 provides the coefficients used to arrive at
the numerical solutions.

Table 1 Coefficients for a FCC stacking of beads.

o L, R u P 7

1293 300 10° 1.72107

[kem®] [K] _[Pa] [kemyy 0715 14

To directly compare our numerical results with
those presented in the literature'”"'*, the radius of
the sphere is chosen as 1 mm. As in the cited
studies, we also include a soldering neck at each

sphere contact point, where the solder radius
used is 150 um.

4. Results and Discussion

For a given frequency, using COMSOL"
Multiphysics we obtain numerical results for the
macro-scale velocity and  temperature
distributions within an irreducible UFC. We
present results where we restrict the unit vector
e to the x-axis. Fig. 2 provides an example
dynamic and thermal permeability distribution at
500 Hz in a y-z plane.

Figure 2 Magnitude of dynamic (top) and mheat
(bottom) permeability distributions at 500 Hz.

We then employ a COMSOL® script to
iteratively compute the effective density and
compressibility tensors (23) in a frequency range
of interest (here, from 10 to 10,000 Hz). The
results are presented in Fig. 3. For validation
purposes, numerical points provided in the
literature'® are also plotted. As can be seen in the
subfigures, the frequency-dependent effective
tensors obtained from our approach are in very



good agreement with those provided by Ref. 18
over the entire range of frequencies considered.

Moreover, as additional outcomes of the
numerical procedure, the porosity (¢ ), the static
viscous permeability and tortuosity (%, ,«, ), the
tortuosity ( «, ), the static thermal permeability
and tortuosity ( &, , ¢, ), and the viscous and
thermal characteristic lengths ( A , A" ) are
automatically computed. These parameters
provide an alternative, analytic-based means to
calculate  the  effective  density  and
compressibility tensors'*?**'. The results are
gathered in Table 2 for comparison with those
available in the literature'>'"'%,

—COMSOL's results 4
a. * S.Gasser et al. (Ref. 18)| |
K
L v

Real effective density [kglma]
= » w »
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°
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Figure 3 (a) real and (b) imaginary parts of the
effective density via frequency (c) effective
compressibility via frequency.

Table 2 shows good agreement between published
results and our numerical results. However, as
concerns the viscous characteristic length, there are
disagreements with three numerical values. As
mentioned in Ref. 17, this can be explained by the

presence of soldering necks. Also, the static viscous
tortuosity is 14 % lower than the value obtained in this
study. A possible explanation for this disagreement is
the use of a different definition used to calculate the
value — values obtained from Refs. 17 and 18 were
indirectly calculated using a very low frequency

( 107 Hz), whereas our approach was directly
estimated according to Ref. 20,

ay={k2)/(k,) . (23)

Table 2 Computations of the acoustic properties of a
FCC sphere stacking versus those available in the
literature.

Ref. 15 Refs. 17,18 | COMSOL
) 0.26 0.26 0.26
ky | 6.95-107"° 6.83-107" 6.73-107"
a, NA 2.63 2.24
a, 1.61 1.66 1.65
kq NA 0.274-10"° | 0.272-107"
a, NA 1.85 1.87
A | 0.124.107 0.164-107 0.173-10°°
A NA 0.249-107° 0.247-10°

5. Conclusions

In conclusion, we present a consistent and
general approach for numerically computing
frequency-dependent effective density and
compressibility tensors for periodic porous
materials. These tensors ultimately characterize
the acoustic absorption behavior of the material.
The formulation is cast in a form suitable for
incorporation into COMSOL® Multiphysics, and
as such, avoids the complication of working with
and coupling multiple in-house codes, as done in
previous investigations. Comparisons of results
generated in this study with published numerical
data demonstrate very good agreement over all
frequencies considered.
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