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Simulating Organogenesis in COMSOL: 
Comparison Of Methods For Simulating Branching Morphogenesis
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lateral branches (Fig. 1b). The spacing of branches in each row and the
order in which rows trigger (Fig. 2c) are the same as in the L lineage,
but the proximal–distal positions at which rows initiate and the

number of branches in each row are not. For example, the first
dorsal branch (RCd.D1) forms proximal to the first lateral branch
(RCd.L1), whereas in the L lineage the first dorsal branch (L.D1)
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Figure 1 | Branching morphogenesis of the mouse bronchial tree. a, Whole-
mount lungs (ventral view) at the embryonic day indicated immunostained
for E-cadherin (green) to show the airway epithelium. Dotted lines show the
right cranial (RCr), right middle (RMd), accessory (RAc), right caudal (RCd)
and left (L) lobes. Scale bar, 500mm. b, Reconstructing branching dynamics
using three E12 specimens ,3 h apart in age. Lateral secondary branches
L1–3 (dots in b, c) sprout in a proximal-to-distal order from the left (L)

primary branch, as do the lateral secondary branches L1 (box in b, c) and L2
from the distal (RCd) portion of the right (R) primary branch. Scale bar,
200mm. c, Branch lineage diagram for the oldest lung in b. Branch names
indicate the lineage, for example, RCd.L1 is first lateral secondary branch
off RCd. d, Lineage diagram of RCd.L1 showing 250 descendant branches
at E15 (box in a). A, anterior; D, dorsal; L, lateral; M, medial; P, posterior;
V, ventral; asterisk, orientation can vary.
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Figure 2 | Branching modes in lung development.
a–c, Domain branching. a, Schematics of lateral and
dorsal secondary branches budding from L. Lateral
secondary branches (L1–5) bud in proximal-to-
distal order. Proximal-to-distal branching begins
again in the second domain (projecting into the
plane of the figure) to form a row of dorsal
secondary branches (D1–4, dashed circles). Right
panel, E14 schematic rotated 90u to show dorsal
branches. b, Lineage diagram of secondary branches
from L. Branches form in four domains: lateral (L),
dorsal (D), medial (M) and ventral (V), indicated by
blue bars. c, Schematic cross sections through L and
the three other branches indicated, showing
positions of domains and the order (arrows) in
which domains are used. d, Planar bifurcation.
Ventral view of the branch L.L2 in a series of fixed
specimens from E13 to E16, showing sequential
bifurcations along the A–P axis. E15 and E16
specimens were stained with anti-smooth muscle
a-actin to highlight early branch generations, which
are surrounded by smooth muscle. Dotted lines
outline bifurcations. Right panel, lineage of L.L2
descendants formed by planar bifurcation;
branches not yet formed in the E16 specimen are in
grey. Scale bar, 100mm. e, Orthogonal bifurcation.
End-on (dorsal) views of branches indicated in a
developmental series of E13 and E14 specimens.
L.D2 bifurcates along the L–M axis, and its
daughters along the A–P axis, whereas RCd.D1
bifurcates along the A–P axis and its daughters
along the L–M axis. Scale bar, 100mm. f, Schematics
of branching modes. The first bifurcation in a series
is classified retrospectively based on the orientation
of the subsequent bifurcation. Icons show
patterning and morphogenesis operations inferred
for each mode: proximal–distal periodicity
generator, circumferential domain specifier, branch
bifurcator, and bifurcation plane rotator.
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§ Lung Branching:
§ High Surface : Volume Ratio
§ Surface of half a tennis court
§ Highly stereotyped

§ How is this achieved in 
vivo?
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Motivation: Lung Morphogenesis

Metzger et al. Nature (2008)

Affolter et al. Nature Reviews Molecular Cell Biology (2009) 
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Image-Based Simulations: Mathematical Model

§ Receptor-ligand based Turing Model

§ Receptor R on the lung epithelium
§ Ligand L in the mesenchyme

§ Growth velocity field depends on R2L

𝜕𝑅
𝜕𝑡 = 	Δ𝑅 + 𝛾(𝑎	 − 𝑅 + 𝑅,𝐿)
𝜕𝐿
𝜕𝑡 = 𝑑	Δ𝐿 + 𝛾 𝑏	 − 𝑅,𝐿

�⃗� ≈ 𝑅,𝐿	 4 𝑛
Credit to Lisa ConradCredit to Conradin Krämer

�⃗� ≈ 𝑅,𝐿	 4 𝑛
𝜕𝑅
𝜕𝑡 = 	Δ𝑅 + 𝛾(𝑎	 − 𝑅 + 𝑅,𝐿)
𝜕𝐿
𝜕𝑡 = 𝑑	Δ𝐿 + 𝛾 𝑏	 − 𝑅,𝐿
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Image-Based Simulations: Pipeline

Credit to Roberto CroceMenshykau et al. Development (2014)

�⃗� ≈ 𝑅,𝐿	 4 𝑛
𝜕𝑅
𝜕𝑡 = 	Δ𝑅 + 𝛾(𝑎	 − 𝑅 + 𝑅,𝐿)
𝜕𝐿
𝜕𝑡 = 𝑑	Δ𝐿 + 𝛾 𝑏	 − 𝑅,𝐿
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§ Phase-Field = Scalar Field 𝜙
§ Regular mesh on whole domain
§ Controllable
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Mathematical Framework: Phase-Field

𝜕𝜙
𝜕𝑡 + 𝑤 4 𝛻𝜙 = 𝑓

f	= 	𝛾𝛻𝜙 4 𝜖 − 𝜙 1	 − 𝜙 <=
	<=

1

0.5

0

𝜙 = 1

𝜙 = 0

time
�⃗� ≈ 𝑅,𝐿	 4 𝑛

𝜕𝑅
𝜕𝑡 = 	Δ𝑅 + 𝛾(𝑎	 − 𝑅 + 𝑅,𝐿)
𝜕𝐿
𝜕𝑡 = 𝑑	Δ𝐿 + 𝛾 𝑏	 − 𝑅,𝐿

𝜕𝜙
𝜕𝑡 + 𝑤 4 𝛻𝜙 = 𝑓

f	= 	𝛾𝛻𝜙 4 𝜖 − 𝜙 1	 − 𝜙 <=
	<=
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𝜙?
𝜕𝐿
𝜕𝑡 = 𝑑	𝛻	 4 𝜙?𝛻𝐿 + 𝛾𝜙? 1 + 𝐼, AB𝑏 − 𝛾𝛿DEF𝑅,𝐿	𝑖𝑛		ΩIJKLMFLN

§ Extending to ΩIJKLMFLN: 
§ Bulk reactions-terms: Multiply with 𝜙
§ Boundary reactions-terms: Multiply with 𝛿 ≈ |𝛻𝜙|

Ω"#$%&'%(

Ω)*+

Ω*,'

Γ'%.

Γ*,'

Γ)*+

/*,' 	= 0
/)*+ = 0

/*,' 	= 1
/)*+ = 1

/*,' 	= 1
/)*+ = 0

𝜙?
𝜕𝐿
𝜕𝑡 = 𝑑	𝛻	 4 𝜙?𝛻𝐿 + 𝛾𝜙? 1 + 𝐼, AB𝑏 − 𝛾𝛿DEF𝑅,𝐿

𝜙?
𝜕𝐼
𝜕𝑡 = 𝐷	𝛻	 4 𝜙?𝛻𝐼 − 𝜙?𝑘R𝐼																																												𝑖𝑛		ΩIJKLMFLN

𝛿DEF
𝜕𝑅
𝜕𝑡 = 𝛻 4 𝛿DEF𝛻R + 𝛾𝛿DEF 𝑎	 − 𝑅 + 𝑅,𝐿 																		𝑖𝑛	ΩIJKLMFLN
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Phase-Field Receptor-Ligand Turing Mechanism

𝐷	𝑛 	 4 𝛻𝐿 = −𝛾𝑅,𝐿																																																													𝑜𝑛		𝛤DEF
𝜕𝐼
𝜕𝑡 = 𝑝W																																																																																			𝑜𝑛		𝛤FLX

𝜙? = 𝜙DEF 	− 𝜙YDZ

�⃗� ≈ 𝑅,𝐿 4 𝛿
𝛻𝜙
|𝛻𝜙|

𝛿DEF
𝜕𝑅
𝜕𝑡 = 𝛻 4 𝛿DEF𝛻R + 𝛾𝛿DEF 𝑎	 − 𝑅 + 𝑅,𝐿

𝜙?
𝜕𝐼
𝜕𝑡 = 𝐷	𝛻	 4 𝜙?𝛻𝐼 − 𝜙?𝑘R𝐼

�⃗� ≈ 𝑅,𝐿 4 𝛿
𝛻𝜙
|𝛻𝜙|

𝜕𝜙
𝜕𝑡 + 𝑤 4 𝛻𝜙 = 𝑓

f	= 	𝛾𝛻𝜙 4 𝜖 − 𝜙 1	 − 𝜙 <=
	<=

Ω"#$%&'%(

Ω)*+

Ω*,'

Γ'%.

Γ*,'

Γ)*+

/*,' 	= 0
/)*+ = 0

/*,' 	= 1
/)*+ = 1

/*,' 	= 1
/)*+ = 0

𝜙? = 𝜙DEF 	− 𝜙YDZ
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Results: Convergence Analysis (stationary)

𝜙?
𝜕𝐿
𝜕𝑡 = 𝑑	𝛻	 4 𝜙?𝛻𝐿 + 𝛾𝜙? 1 + 𝐼, AB𝑏 − 𝛾𝛿DEF𝑅,𝐿

𝛿DEF
𝜕𝑅
𝜕𝑡 = 𝛻 4 𝛿DEF𝛻R + 𝛾𝛿DEF 𝑎	 − 𝑅 + 𝑅,𝐿

𝜙?
𝜕𝐼
𝜕𝑡 = 𝐷	𝛻	 4 𝜙?𝛻𝐼 − 𝜙?𝑘R𝐼

�⃗� ≈ 𝑅,𝐿 4 𝛿
𝛻𝜙
|𝛻𝜙|

𝜕𝜙
𝜕𝑡 + 𝑤 4 𝛻𝜙 = 𝑓

f	= 	𝛾𝛻𝜙 4 𝜖 − 𝜙 1	 − 𝜙 <=
	<=

Ω"#$%&'%(

Ω)*+

Ω*,'

Γ'%.

Γ*,'

Γ)*+

/*,' 	= 0
/)*+ = 0

/*,' 	= 1
/)*+ = 1

/*,' 	= 1
/)*+ = 0

𝜙? = 𝜙DEF 	− 𝜙YDZ
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Results: Scaling Analysis (stationary)

𝜙?
𝜕𝐿
𝜕𝑡 = 𝑑	𝛻	 4 𝜙?𝛻𝐿 + 𝛾𝜙? 1 + 𝐼, AB𝑏 − 𝛾𝛿DEF𝑅,𝐿

𝛿DEF
𝜕𝑅
𝜕𝑡 = 𝛻 4 𝛿DEF𝛻R + 𝛾𝛿DEF 𝑎	 − 𝑅 + 𝑅,𝐿

𝜙?
𝜕𝐼
𝜕𝑡 = 𝐷	𝛻	 4 𝜙?𝛻𝐼 − 𝜙?𝑘R𝐼

�⃗� ≈ 𝑅,𝐿 4 𝛿
𝛻𝜙
|𝛻𝜙|

𝜕𝜙
𝜕𝑡 + 𝑤 4 𝛻𝜙 = 𝑓

f	= 	𝛾𝛻𝜙 4 𝜖 − 𝜙 1	 − 𝜙 <=
	<=

Ω"#$%&'%(

Ω)*+

Ω*,'

Γ'%.

Γ*,'

Γ)*+

/*,' 	= 0
/)*+ = 0

/*,' 	= 1
/)*+ = 1

/*,' 	= 1
/)*+ = 0

𝜙? = 𝜙DEF 	− 𝜙YDZ
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Results: Mesenchymal Growth

𝜙?
𝜕𝐿
𝜕𝑡 = 𝑑	𝛻	 4 𝜙?𝛻𝐿 + 𝛾𝜙? 1 + 𝐼, AB𝑏 − 𝛾𝛿DEF𝑅,𝐿

𝛿DEF
𝜕𝑅
𝜕𝑡 = 𝛻 4 𝛿DEF𝛻R + 𝛾𝛿DEF 𝑎	 − 𝑅 + 𝑅,𝐿

𝜙?
𝜕𝐼
𝜕𝑡 = 𝐷	𝛻	 4 𝜙?𝛻𝐼 − 𝜙?𝑘R𝐼

�⃗� ≈ 𝑅,𝐿 4 𝛿
𝛻𝜙
|𝛻𝜙|

𝜕𝜙
𝜕𝑡 + 𝑤 4 𝛻𝜙 = 𝑓

f	= 	𝛾𝛻𝜙 4 𝜖 − 𝜙 1	 − 𝜙 <=
	<=

Ω"#$%&'%(

Ω)*+

Ω*,'

Γ'%.

Γ*,'

Γ)*+

/*,' 	= 0
/)*+ = 0

/*,' 	= 1
/)*+ = 1

/*,' 	= 1
/)*+ = 0

𝜙? = 𝜙DEF 	− 𝜙YDZ
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Results: Mesenchymal Growth

𝜙?
𝜕𝐿
𝜕𝑡 = 𝑑	𝛻	 4 𝜙?𝛻𝐿 + 𝛾𝜙? 1 + 𝐼, AB𝑏 − 𝛾𝛿DEF𝑅,𝐿

𝛿DEF
𝜕𝑅
𝜕𝑡 = 𝛻 4 𝛿DEF𝛻R + 𝛾𝛿DEF 𝑎	 − 𝑅 + 𝑅,𝐿

𝜙?
𝜕𝐼
𝜕𝑡 = 𝐷	𝛻	 4 𝜙?𝛻𝐼 − 𝜙?𝑘R𝐼

�⃗� ≈ 𝑅,𝐿 4 𝛿
𝛻𝜙
|𝛻𝜙|

𝜕𝜙
𝜕𝑡 + 𝑤 4 𝛻𝜙 = 𝑓

f	= 	𝛾𝛻𝜙 4 𝜖 − 𝜙 1	 − 𝜙 <=
	<=

Ω"#$%&'%(

Ω)*+

Ω*,'

Γ'%.

Γ*,'

Γ)*+

/*,' 	= 0
/)*+ = 0

/*,' 	= 1
/)*+ = 1

/*,' 	= 1
/)*+ = 0

𝜙? = 𝜙DEF 	− 𝜙YDZ
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§ Flexible, easy to extend
§ Static ALE result reproducible
§ Growing ALE result not (yet) reproducible
§ Is more stable
§ Needs fine mesh on the interface
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Summary

𝜙?
𝜕𝐿
𝜕𝑡 = 𝑑	𝛻	 4 𝜙?𝛻𝐿 + 𝛾𝜙? 1 + 𝐼, AB𝑏 − 𝛾𝛿DEF𝑅,𝐿

𝛿DEF
𝜕𝑅
𝜕𝑡 = 𝛻 4 𝛿DEF𝛻R + 𝛾𝛿DEF 𝑎	 − 𝑅 + 𝑅,𝐿

𝜙?
𝜕𝐼
𝜕𝑡 = 𝐷	𝛻	 4 𝜙?𝛻𝐼 − 𝜙?𝑘R𝐼

�⃗� ≈ 𝑅,𝐿 4 𝛿
𝛻𝜙
|𝛻𝜙|

𝜕𝜙
𝜕𝑡 + 𝑤 4 𝛻𝜙 = 𝑓

f	= 	𝛾𝛻𝜙 4 𝜖 − 𝜙 1	 − 𝜙 <=
	<=

Ω"#$%&'%(

Ω)*+

Ω*,'

Γ'%.

Γ*,'

Γ)*+

/*,' 	= 0
/)*+ = 0

/*,' 	= 1
/)*+ = 1

/*,' 	= 1
/)*+ = 0

𝜙? = 𝜙DEF 	− 𝜙YDZ
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